We discuss the simulation of complex dynamical systems on a quantum computer. We show that a quantum computer can be used to efficiently extract relevant physical information. It is possible to simulate the dynamical localization of classical chaos and extract the localization length with quadratic speed up with respect to any known classical computation. We can also compute with algebraic speed up the diffusion coefficient and the diffusion exponent, both in the regimes of Brownian and anomalous diffusion. Finally, we show that it is possible to extract the fidelity of the quantum motion, which measures the stability of the system under perturbations, with exponential speed up. The so-called quantum sawtooth map model is used as a test bench to illustrate these results.
INTRODUCTION
One of the main applications of computers is the simulation of dynamical models describing the evolution of complex systems. From the viewpoint of quantum computation, quantum mechanical systems play a special role. Indeed, the simulation of quantum many-body problems on a classical computer is a difficult task as the size of the Hilbert space grows exponentially with the number of particles. For instance, if we wish to simulate a chain of n spin-1/2 particles, the size of the Hilbert space is 2^. Namely, the state of this system is determined by 2" complex numbers. As observed by Feynman in the 1980s,^^^ the growth in memory requirement is only linear on a quantum computer, which is itself a many-body quantum system. For example, to simulate n spin-1/2 particles we only need n qubits. Therefore, a quantum computer operating with only a few tens of qubits could outperform a classical computer. More recently, a few quantum efficient algorithms have been developed for various quantum systems, ranging from some many-body problems^^'^^ to single-particle models of quantum chaos.^^^^ Any quantum algorithm has to address the problem of efficiently extracting useful information from the quantum computer wave function. The result of the simulation of a quantum system is the wave function of this system, encoded in the n qubits of the quantum computer. The problem is that, in order to measure all N = 2^ wave function coefficients by means of standard polarization measurements of the n qubits, one has to repeat the quantum simulation a number of times exponential in the number of qubits. This procedure would spoil any quantum algorithm, even in the case in which such algorithm could compute the wave function with an exponential gain with respect to any classical computation. Nevertheless, there are some important physical questions that can be answered in an efficient way, and we will discuss a few examples in this paper.
As a test bench to illustrate the power of quantum computation in the simulation of dynamical systems, we will discuss a quantum algorithm which efficiently simulates the quantum sawtooth map, a physical model with rich and complex dynamics.^^^ This system is characterized by very different dynamical regimes, ranging from integrability to chaos, and from normal to anomalous diffusion; it also exhibits the phenomenon of dynamical localization of classical chaotic diffusion. We will show that some important physical quantities can be extracted efficiently by means of a quantum computer:
(i) the localization length of the system, which can be extracted with a quadratic speed up with respect to any known classical computation;^^^ (ii) the diffusion coefficient and the diffusion exponent, both in the regimes of normal (Brownian) and anomalous diffusion; in this case we obtain an algebraic speed up; (iii) the fidelity of quantum motion, which characterizes the stability of the system under perturbations; for this quantity we achieve an exponential speed up.
